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Abstract 

The reflection equations in a su{3) spin chain with open boundary conditions are 
analyzed. We And non diagonal solutions to the boundary matrices. The corresponding 
hamiltonian is given. The solutions are generalized to su{n) . 


The search for integrable models through the Yang-Baxter algebra has deserved con¬ 
siderable attention in the last years. For this purpose, quantum group representations give 
a systematic tool to obtain integrable systems. An aspect to take into account is which are 
the boundary conditions that those systems must verify in order to preserve integrability. 
In this line, the biggest development has been made for systems with periodic boundary 
conditions. So, the systems associated to the fundamental representations of the algebras 
can be found in ref. and references therein. Other models associated to the alge¬ 
bra Aj-i) in nilpotent representations can be found in ref. 0. Actually there is a lot of 
literature about models associated to other types of algebras. 

An other aspect of the problem is to consider systems with open boundary conditions 
preserving integrability 0,|^]. The theoretical framework of the problem was set up in 
ref. 0 where boundary matrices are introduced and the relations they must fulhll in 
systems invariant under parity P, time reversal T and crossing unitarity are obtained, this 
formalism is extended the refs. [|5|-[§ to systems symmetric under PT and non-invariant 
under crossing unitarity. A careful analysis in the framework of the algebraic structures 
was carry out in refs. and [^. The general solution for the boundary matrices in the 
models XXX, XXZ and XYZ can be found in |^-|]T^. Also diagonal solutions for the 
models r > 2 in their fundamental representation are obtained in |]T^ . 


In this paper, we show non-diagonal solutions for the boundary matrices in models 
based on the algebras A(r), r > 2. To hnd them, we must solve a set of equations whose 
number increases exponentially with r, although the number of resulting incompatibilities 
that appears, which leading to simplihcations, increases too. 

As is well known, to hnd integrable systems with open boundary conditions, we must 
build the doubled transition operator H , given by 


Ua.,m = T,.c{e)K+,(e)T,:l;{-e) 


( 1 ) 


with 

Ta,c (^) = La,ax ® Pai,a2 ® ® LajY_i,c- (2) 

A graphic representation of the L operator is given in hg. 1. Tensorial product in the site 
spaces (vertical indices) and the usual product of matrices in the auxiliary space (horizontal 
indices) is understood . 
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Fig. 1 


The (6) matrix, which determines the boundary condition must verify the well 
known reflection condition expressed by 

R{9-e') [K+ (9) ^ I] R{9 + e') [K+{9') ® /] = 

[K+{9') ® /] R{9 + 9') [K+{9) ® l] R{9 - 9'). 

This relation is graphically expressed in £g. 2. 


Fig. 2 




Under this conditions, the operator 

((9) = K-je)T,.o (ff) KZ, (9) (-9) 

is a generator of constants of motion, since 

[t{9)R{9')]=0, 

and then, an open local hamiltonian, given by 

, dt (9) 
h = —77r 


( 4 ) 

( 5 ) 

( 6 ) 
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can be obtained. 

If the system is invariant nnder parity, time reversal and crossing (case of then 

the K operator has the property 


K^{e) =K-\-e-r]) 


(7) 


where t means transposition and ry is the parameter of crossing property, 


(S) 


On the other hand, if the system is invariant nnder PT and not invariant nnder crossing 
symmetry and if there is a matrix M [^-[^snch that 


9 2ri)Mj-^^ OC da,gSc,h 


-1 


then 


K+ (e) =K-^-0-r])M 


-1 


(9) 


( 10 ) 


General solntions for the bonndary matrices have been fonnd in the models XXX, 
XXZ and XYZ o, and diagonal solntions for the models of type with r > 2 
diagonal solntions |]^. In this paper we present non diagonal solutions for su{3) and 
su{4) models, that we generalize afterwards to su{n). 

The matrix R is given 0 by 


R{6) = sinh (-9 + ^)^ 0 6 ^,^ + sinh (-9) ^ 

i=l i,J = l 

n 

+ sinh ( 7 ) ^ exp{{j - * - sign (j - i))9)ei^ 


Cij (&) 


( 11 ) 




■^ 3,3 ’ 


that in case n = 3 becomes 


m = 


0000000 0 \ 

OdOfoOOOOO 

00c000600 

O^OcOOOOO 

OOOOaOOOO 

OOOOOdOfeO 

OOfeOOOdOO 

0000060c0 

Vo 0000000 a/ 


( 12 ) 


3 







where 


a(0) = sinh (- 6 * + 7 ), (13a) 

6(0) = sinh (^0), (136) 

c(0) = sinh ( 7 ) 6 ^, (13c) 

(i(0) = sinh ( 7 )e“. {13d) 

This model is PT invariant bnt not invariant under crossing symmetry, besides this, it 
verifies the property (^) with M equal to the identity / and ?7 = 7 . 

We look for solutions to equation (^ with K~^{9) of the form 

/xi{e) yi{e) 2 i( 0 )\ 

K+{e) = X2{9) y2{9) Z2{9) (14) 

\X3{d) 1 / 3 ( 0 ) ^ 3 ( 0 )/ 

and fulfilling the condition 

K+{0)=I (15) 

As stated before, we are interested in non-diagonal solutions for K~^{9). The resulting 
set of equations has not solution with all elements out of the diagonal in (^^ different from 
zero. Those equations, instead, are satisfied when only one non-diagonal element and its 
symmetric are allowed to be different from zero, for instance, 

/xi{9) 0 2 : 1 ( 0 ) \ 

K+{9) = 0 1 / 2 ( 0 ) 0 (16) 

\X 3 ( 0 ) 0 2 : 3 ( 0 )/ 

The solution that we find is 

xi ( 0 ) = Ka+ sinh (e+ - ^^) (17a) 

zi{9) = Kd+e^ sinh (30) (176) 

1 / 2 ( 0 ) = Ka+e~^ sinh (e+ -t- -0) -f Kb+e^ sinh (30) (17c) 

xs{9) = Kc+e^ sinh (30) {17d) 

2 : 3 ( 0 ) = Ka+e^ sinh (e+ -F ^0) (17e) 

where the AT’s must be verified the relations 

K,+Kd+ = Kb+ {Kb+ + Ka+e-^+) . (18) 
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Of course, if we impose Ki,j^ = 0, we obtain the diagonal solutions [n|, . 

With this solutions, we can obtain through the expression for the matrix K~{9) 
and then the hamiltonian (|^). If we redehne the hamiltonian by subtracting a constant 
times the identity, in order to eliminate constant terms proportional to the length of the 
chain, it becomes 


1 


N-l 


=- trace (A'-(O)) ^ (Jo.KK) + 


with 


n=l 


a=l 


+ <^1,3^1 + ^1,8^1 + + Jl,5Af + 

+ trace (^K ( 0 )) + Jn,8^% + Jn, 4 ^% + 


(19) 


and 


Ji — J2 — J4 — J5 — Jg — Jj — ^ 

J3 = Js = coshy 
sinh (7) 


Jo = 


Vs 


J, c = ( A,_(l + 


' 1,3 

Jl,8 = 

</l ,4 == 
-^1,5 = 


37 

e~ 2 ^ sinh ( 87 ) 
\/37 
— 2 e“^ sinh ( 87 ) 
sinh 7 

—i 2 e“^ sinh ( 87 ) 


-K,,_(l + e2^-+^) + 


{Kd- + Kc-) 


i^ 6 - 

Kc-Kd- 

Ku 


+ e 


2 e _+7 


sinh 7 


Jn,3 = — 


1 


=::: 


sinh 7 


- 1 )- 


[Kd- - i^c-) 

Kc+Kd+ 


W,+ (e 2 ^+ + l) 


Kb+ 
K.^K. 


(2 + 6 ^^+)^ 


_ -fVc+-n-d+ 2e^ 


sinh 7 
2 

JN ,4 \ (-^d+ “ 1 “ -^c+) 

smhy 

2 ? 

J1V.5 = —r— {Kd+ - i^c+) 
smhy 


Ki 


b+ 


3 ^ 3 ^ 

trace (-ftr“(0)) = I 2 cosh 7 sinh (e_-^) + (e_ + — 

Kh_e~^ sinh (Sy). 


Kc-Kd- 

Kb- 


-Ku 


(20a) 

(206) 

( 20 c) 

(20d) 

( 20 e) 

( 20 /) 

( 20 ^) 

(20/i) 

(20z) 

(20i) 

{20k) 


( 21 ) 
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In these expressions, we have removed the variables Ka+ and Ka- by using ([^) and a 
similar expression with the subindices (+) replaced by (—). So, the free parameters that 
we have in our solutions are 


e+, e-,Kb+, Kb-,Kc+, Kc-,Kd+, Ka-- 
The generalization to su{n) follows from (17 ). The diagonal solution 

K+(0) = K+,S.,, (22) 

similar to that obtained in ref. [^, is 

K^A9) = — sinh (e_|_ + ^6) for 1 < j < l- 

2 ^ 23 ^ 

K^i{6) =p_|_e(^^“'2 sinh (—e+ H— 9) for /_ + 1 < / < n 

being p and e continuous parameters and I- a discrete parameter with integer values 


/_ < n — 1. 

The non-diagonal solutions are 

77/ 

^m(^) =Pa+ sinh (e+ - -9), (24a) 

^n,n(^) siuh (e+ -f ^9), (246) 

sinh (e+ -f ^0) + sinh {n9), 

j = 2 ■ ■ - n — 1, (24c) 

=pd+e^^~^^^ sinh {n9), (24e) 

Ki^i{9) =pc+e^^~^^^ sinh {n9), (24e) 

the others components being zero. As before, the p’s parameters must verify the relation 

Pc+Pd+ = Pb+ {Pb+ + Pa+e~^+) . (25) 


The solution (17 )for n = 3 is trivially obtained from (24 )with the p’s parameters 
substituted by A’s ones. 

As conclusions, we have shown a set of non-diagonal solutions for the boundary ma¬ 
trices in an open su{n) spin chain. Others solutions, with the non zero elements out of 
the diagonal occupying others symmetric positions, can be obtained by means of similarity 
transformations. 
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In the analysis of the set of equations (^) and the solutions presented here, a heavy 
use of Mathematica computer program has been made. 
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